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We investigate the typicality of the growth behavior of the out-of-time-ordered commutator (OTOC) in the
many-body localized (MBL) quantum spin chains across random disorder realizations. In the MBL phase of
the Heisenberg XXZ chain, we find that the estimate of the OTOC fluctuates significantly with the disorder
realizations at the intermediate times of the main growth. Despite the consequent failure of the disorder average
in the MBL phase, we argue that the characteristic behavior of the OTOC growth can still be identified by going
through individual disorder realizations. We find that a power-law-type growth behavior appears typically after a
disorder-dependent relaxation period, which is very close to the t2 form derived in the effective Hamiltonian of a
fully MBL system. The characteristic growth behavior observed at an individual disorder realization is robust in
our tests with various state preparations and also verified in another MBL system of the random-transverse-field
quantum Ising chain in a uniform longitudinal field.
I. INTRODUCTION
The out-of-time-ordered (OTO) commutator and correlator
[1, 2] have attracted much attention recently because of their
promising applications to the diagnosis of information scram-
bling [3–6] in the dynamics of quantum many-body systems.
For two unitary operators Wˆ and Vˆ that are initially local at
different positions, the OTO commutator is defined as the ex-
pectation value of their squared commutator,
C(t) =
1
2
〈
[Wˆ (t),Vˆ ]†[Wˆ (t),Vˆ ]
〉
, (1)
which is often rewritten asC(t) = 1−Re[F(t)] in terms of the
corresponding OTO commutator F(t) = 〈Wˆ †(t)Vˆ †Wˆ (t)Vˆ 〉.
The evaluation of 〈· · · 〉 ≡ Tr[ρˆ · · · ] depends on the density
matrix ρˆ of a pure or mixed state prepared for measurement.
While the two distant operators commute with each other ini-
tially, Wˆ (t) in time evolution can be highly non-local in the
presence of interactions, breaking the initial commutativity
due to an overlap with Vˆ . The growth of C(t) can thus quan-
tify such scrambling of information that spreads across nonlo-
cal degrees of freedom. The characterization of quantum dy-
namics by using the OTO commutator and correlator has been
the subject of intense study in systems ranging from a black
hole [7–10] and Sachdev-Ye-Kitaev-type models [11–15] to
various condensed matter models of chaotic [16–33] and non-
chaotic [34–48] systems. Measurement protocols have been
proposed [49–54], and there are recent advances in experi-
mental measurements using nuclear spins of molecules [55],
trapped ions [56], and ultracold gases [57].
One of the fundamental questions on the growth behavior
of the OTO commutator may be whether there exists a char-
acteristic form that can distinguish systems between differ-
ent classes of information scrambling. In a chaotic system,
C(t) grows very fast, which is often described by the exponen-
tial behavior with the Lyapunov exponent. In the absence of
chaos, the growth of C(t) can be much slower or even absent.
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In particular, measuring C(t) in disordered systems may dis-
tinguish many-body localization [58–61] from Anderson lo-
calization [62]. Both of them arrest particle transport, but in
many-body localized (MBL) systems, the dephasing effects
due to the interactions allow the spreading of quantum infor-
mation, leading to characteristic dynamics [63–66] including
slowly growing C(t) [40–47].
The specific question that we want to address here is how
typical a particular slow-growth behavior ofC(t) is across dif-
ferent disorder realizations in a disordered MBL system. In
the effective “l-bit” Hamiltonian of a fully MBL system, it was
shown that the growth of the disorder averageC(t) proceeds as
C(t)∼ t2 at early times, and then it is saturated with a power-
law decaying second moment at late times [40–42]. However,
beyond the effective Hamiltonian, it is not entirely clear how
universal this particular power-law form of the growth is in
more realistic models and whether or not it can characterize a
wider range of the disordered MBL systems.
In this paper, we investigate the time evolution of C(t) in
two quantum spin models of the Heisenberg XXZ and mixed-
field Ising chains across their random disorder realizations.
We find that in the MBL phase, the disorder average cannot
properly show the behavior of C(t) because of the large devi-
ations across the disorder realizations. The estimate ofC(t) at
an intermediate time exhibits a bimodal distribution, which is
in contrast to a singly peaked distribution evolving in the er-
godic side. However, by going through individual disorder re-
alizations, we find that the systems typically undergo common
stages of the OTO commutator growth. At very early times,
C(t) shows an intrinsic power-law growth, and it is shortly
relaxed by the period of an oscillatory plateau that makes an
offset at a small value of C for the main stage of the growth
emerging at intermediate times.
For an individual disorder realization, the main growth of
C(t) turns out to be often very close to the t2 form, while
it appears with an offset and a time delay that fluctuate very
much with disorder realizations. Based on numerical obser-
vations, we argue that the growth can be characterized as
C(t)∼ c0+εt2 with an offset c0 at intermediate times by com-
bining the coarse-grained effect of fast dynamics and the slow
t2 contribution emerging from the effective Hamiltonian. We
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2also observe that the growth behavior at a fixed disorder real-
ization is insensitive to the choice of the state ρˆ that we exam-
ine for the measurement of C(t).
This paper is organized as follows. In Sec. II, we revisit the
effective l-bit Hamiltonian for the OTO commutator growth
behavior at a given disorder configuration. In Sec. III, we
present the typicality and deviations of the growth behavior
across random disorder realizations in the Heisenberg XXZ
model. The representativeness of disorder average is exam-
ined, and the growth behavior is characterized at an individual
disorder realization. In Sec. IV, we verify the appearance of
the characteristic growth form in the mixed-field Ising model.
The summary and conclusions are given in Sec. V.
II. THE PHENOMENOLOGICAL “L-BIT” MODEL
Let us briefly revisit the behavior of the OTO commutator
in the phenomenological model of a fully MBL system. The
effective “l-bit” Hamiltonian [67–69] is written as
H=∑
i
hiτˆzi + ∑
{i, j}
Ji j τˆzi τˆ
z
j + ∑
{i, j,k}
Ki jkτˆzi τˆ
z
j τˆ
z
k+ · · · , (2)
where τˆzi is the z component of the Pauli operator for a dressed
spin-1/2 localized at site i ∈ [1,L] in the chain of length L.
The summation runs over the sets of unique site indices. The
coefficients are given as random variables for the multispin
interactions which have characteristic strength decaying expo-
nentially with distance between the farthest-apart spins. The
OTO correlator F(t) was derived previously for the operator
choice of Wˆ = τˆxa and Vˆ = τˆxb [40–42]. From the previous re-
sults, we can write down the corresponding OTO commutator
C(t) for a given disorder realization as
C(t) = 1−Re[〈exp(it 4Jˆeffab τˆzaτˆzb)〉] (3)
' 1− cos(4t〈Jˆeffab 〉)exp[−8t2(〈[Jˆeffab ]2〉−〈Jˆeffab 〉2)] .
The effective interaction operator Jˆeffab for the spins at a and b
can be written by collecting all terms involving a and b as
Jˆeffab = Jab+∑′
k
Kabkτˆzk+∑′
{k,l}
Qabkl τˆzk τˆ
z
l + · · · , (4)
where the sites a and b are excluded in the primed sums.
The early-time growth ofC(t) shows the quadratic behavior
indicated by the leading-order term of
C(t) = 8〈[Jˆeffab ]2〉t2+O(t4) . (5)
Within the effective Hamiltonian, this t2 growth form of C(t)
may characterize the MBL systems and is qualitatively inde-
pendent of a state prepared for the measurement and a partic-
ular disorder realization as long as Jˆeffab is essential.
The late-time behavior ofC(t) shows oscillations with a pe-
riod and decay factor that depend on the disorder realization
and the state used for measurement. In the disorder average,
it is dephased and saturates around C = 1 [40, 42]. How-
ever, it is worth noting a particular type of the measurement
with an eigenstate in which all moments of Jˆeffab are the same,
where the OTO commutator becomes a simple oscillation as
Ceig(t) = 1− cos(4t〈Jˆeffab 〉). In this special case, the t2 growth
is a transient behavior of the simple oscillation with a long
period pi/2〈Jˆeffab 〉 given by the effective interaction.
While the early-time t2 behavior is persistent at any given
disorder realization in this phenomenological model, quantita-
tive fluctuations across different realizations of disorders can
also be important. Here we briefly discuss the shape of the
probability distribution P(C) measured at a given early time
t over random disorder realizations for the later comparison
with the results in more realistic models. For simplicity, let
us borrow the uniform distribution [−2−l/2e−l/ζ ,2−l/2e−l/ζ ]
from Ref. [42] for a random interaction term with the farthest-
apart spins of distance l in Eq. (2) to produce the effective in-
teraction with a decay length ζ . For the evaluation of C(t),
we consider the two particular types of the states that in-
clude the maximally mixed state ρˆ ∝ 1 at infinite tempera-
ture and the pure state given by an eigenstate. In both cases,
the central limit theorem works straightforwardly, providing
a Gaussian shape of P(C) with the average and width in-
creasing as t2 for the case of the maximally mixed state and
P(C) ∼C−1/2 exp(−C/ct) with the cutoff ct increasing as t2
for the case of an eigenstate.
The measurement at infinite temperature seems to be ideal
in the sense that it gives the Gaussian distribution centered
at the disorder average moving as t2. However, for a gen-
eral state, the location of the average may not indicate a typ-
ical value as exemplified in the heavy-tailed distribution in
the evaluation with an eigenstate. Nevertheless, in the phe-
nomenological model, one can obtain the qualitatively correct
growth of C(t) from the disorder average, no matter how se-
vere the fluctuations are, since every disorder realization pro-
duces the same early-time t2 behavior starting from t = 0.
This ideal situation that allows C(t) ∝ t2 to be observed at
an arbitrarily early time implies that the particular process of
the scrambling is the only dynamics in the l-bit model. In
more realistic MBL systems, it is reasonable to assume the
presence of other system-specific dynamics that may coexist
with, or perhaps obscure, the characteristic scrambling behav-
ior expected. Thus, it is a nontrivial question to ask whether
or not one can see in practice the t2 behavior beyond the ef-
fective Hamiltonian. In the next sections, we will present how
the OTO commutator growth develops in the disordered XXZ
and mixed-field Ising models.
III. RANDOM-FIELD HEISENBERG XXZ MODEL
We first consider the spin-1/2 Heisenberg XXZ chain with
a random Zeeman field given by the Hamiltonian,
H=−
L−1
∑
i=1
[
Sˆxi Sˆ
x
i+1+ Sˆ
y
i Sˆ
y
i+1+ JzSˆ
z
i Sˆ
z
i+1
]
+
L
∑
i=1
hiSˆzi , (6)
where the random field hi is uniformly sampled from the range
of [−η ,η ]. The energy unit and h¯ are set to be unity. It
is known that many-body localization occurs in this system
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FIG. 1. Probability distribution of the OTO commutator measured along the growth in the random-field Heisenberg XXZ chain. The disorder
average C(t) and the distribution P(C) estimated at selected times over the disorder realizations are displayed for the disorder strengths of
η = 1 and η = 10 in the ergodic (a, b) and MBL (c, d) phases, respectively. The OTO commutator C is measured with the maximally mixed
state at infinite temperature (β = 0) and the random pure states at several values of v. The locations of the disorder average are indicated by
the arrows in (b) and (d) which are not affected by the choice of the state. The distributions are estimated with 10000 disorder realizations and
averaged over 100 random states at each v in the system of length L= 12.
for nonzero interactions Jz 6= 0 and strong enough disorder
strength η [70–74]. Here we fix the interaction at Jz = 0.2
and consider the two particular values of the disorder strength,
η = 1 and η = 10, where the system belongs to the ergodic
and MBL phases, respectively. We define the OTO commu-
tator C(t) by choosing the Pauli spin operators as Wˆ = σˆ x4 at
site i= 4 and Vˆ = σˆ x1 at one end of the chain. We employ the
exact diagonalization for the numerical calculations ofC(t) in
the systems of length L= 12.
For the measurement of C(t), we mainly consider the max-
imally mixed state ρˆ = 1/2L at infinite temperature but also
examine the random pure state ρˆ = |Ψv〉〈Ψv| given by
|Ψv〉=
L⊗
i=1
(
cos
θi
2
| ↑〉+ eiφi sin θi
2
| ↓〉
)
(7)
which is a product of local spin states sampled on the Bloch
sphere. We follow the scheme of Ref. [75] where φi is a uni-
form random variable in [0,2pi), and the polar angle θi is re-
stricted for cosθi to be either v or −v at each site. At v = 0,
|Ψ〉 is the sum of all σz-basis vectors with random phases,
sharing the constant diagonal part of ρˆ with the maximally
mixed state. On the other hand, v = 1 selects one of the σz-
basis vectors that would be locally similar to an eigenstate in
the strong-disorder limit. Thus, varying v may provide a sys-
tematic way to demonstrate the dependence of the estimate of
C(t) on the state preparations.
We find that the probability distribution P(C) of the OTO
commutator shows contrasting behavior between the ergodic
and MBL phases of the disordered XXZ chain. Figure 1
presents the time evolution of P(C) along the main growth
of the commutator measured over 10000 random disorder re-
alizations. In the ergodic phase, a singly peaked distribution
moves from C = 0 to 1 as the time goes, and its shape is inde-
pendent of the parameter v of the random pure states used for
measurement, which also agrees well with the shape observed
with the infinite-temperature state.
In contrast, in the MBL phase, the distribution P(C) turns
out to be bimodal at the intermediate times of the main growth
in the measurement with the infinite-temperature state and
random pure states with small v. In the time evolution of P(C),
the population migrates from one peak at C ≈ 0 to the other
at C ≈ 1. The shape depends on the parameter v since the
late-time saturation behavior varies with v. The disorder aver-
age of C(t) does not depend on the choice of the state, which,
however, does not imply that the disorder average presents a
typical behavior of C(t). The bimodal distributions observed
at the intermediate times of the growth indicate that the dis-
order average is not physically meaningful in this regime. In-
deed, the growth of the disorder average is quite different from
the characteristic behavior observed at an individual disorder
realization which we present below.
The emergence of the bimodality in P(C) may work as an
empirical indicator of the localization transition in the XXZ
chain. Figure 2 displays the transition in the shape of P(C)
with the disorder strength η examined with the average given
at C ≈ 0.6. As η increases, the top of the unimodal distribu-
tion in the ergodic phase becomes flat, and then double peaks
start to develop at a larger η . It turns out that the range of
η in which the transition in the distribution shape occurs is
consistent with the area of the localization transition indicated
by the average gap ratio [59, 74] which we evaluate for our
parameter Jz = 0.2 in Fig. 2(b).
Since P(C) in the MBL phase of the XXZ model is very
different from the Gaussian distribution found in the effective
l-bit model, natural questions are then what are the origins of
the bimodal distribution and how it is related to the slow char-
acteristic dynamics of C(t) found in the effective model. In
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FIG. 2. OTO commutator distribution around the localization transi-
tion in the XXZ chain. (a) Distribution P(C) measured at C(t)≈ 0.6
with the infinite-temperature state. (b) Average gap ratio computed
for eigenvalues E within the distance ∆e = 0.1 from the spectrum
center e = 0.5, where e ≡ (E−Emin)/(Emax−Emin), and Emax(min)
is the largest (smallest) eigenvalue.
order to address these questions, we look into the growth be-
havior of C(t) at the level of individual disorder realizations.
It turns out that the early-time stage of C(t) is distinguished
from the main growth stage, giving a waiting period at a very
small C after which the main growth starts to become visi-
ble. The time period of each growth stage shows large de-
viations between different disorder realizations, contributing
to the slowly decreasing population at C ≈ 0 and the broad
distribution over intermediate values of C with another peak
appearing due to the saturation around C ≈ 1.
While the disorder average at a given time is largely influ-
enced by the populations ofC≈ 0 andC≈ 1, the main growth
behavior observed at an individual disorder realization shows
the characteristic feature expected from the effective model.
Figure 3(a) schematically describes the behavior observed at
each stage. At very early times, C(t) shows the initial power-
law growth behavior of t6 for our choice of the two local oper-
ators with distance r= 3. The initial growth is relaxed shortly
at the level of small C, leading to the oscillatory relaxation
plateau. The main growth emerges with another yet character-
istic power-law type behavior, which becomes saturated with
long-period oscillations at late times.
The initial power-law growth is an intrinsic feature of the
base spin model and is not related to many-body localization.
The early-time behavior can be easily understood from the se-
ries expansion of the commutator [σˆ xr+1(t), σˆ
x
1 ]. Following the
same procedures of Ref. [34], the Baker-Campbell-Hausdorff
expansion of σˆ xr+1(t) provides
σˆ xr+1(t) = σˆ
x
r+1+ it[H, σˆ xr+1]+
(it)2
2!
[H, [H, σˆ xr+1]]+ · · · , (8)
where the first appearance of the term that does not commute
t2r
∼ t2
+offset
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FIG. 3. Growth of the OTO commutator in the MBL phase of the
XXZ chain. (a) Schematic of the power-law behaviors (solid lines)
and oscillatory relaxations (dotted lines) observed at an individual
disorder realization. Examples of five selected disorder realizations
are shown for (b) the early-time and (c) intermediate-time growth of
C(t) at η = 10 measured with the infinite-temperature state in the
system of L = 12. The inset of (c) shows the disorder average C(t).
The distributions of (d) ε and (e) c0 from the fits ofC(t) = c0+εt2 to
the main growth parts are compared with the log-normal ones (dotted
lines) having the same averages and variances. (f) Examples of C(t)
at η = 1 in the ergodic phase given for comparison.
with σˆ x1 is associated with t
r, and therefore, the squared com-
mutator grows as t2r at very early times. While this initial
power-law form has been derived and discussed previously as
a general property of spin chains [29, 34, 48], it is still impor-
tant to recall that the leading-order t2r term is independent of
the disorders and can appear without any contribution of the
interaction that is essential to the MBL phase.
The second growth behavior of a power-law type that leads
to a main increase in C becomes visible after the plateau
of oscillatory relaxations that suppress the initial t2r growth.
Figure 3(c) shows typical examples of the intermediate-time
quadratic growth behavior at individual disorder realizations
that are drastically different from the behavior of the disor-
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FIG. 4. Verification of the main power-law growth in a larger system
of the disordered XXZ chain. The OTO commutator with the op-
erator distance r = 5 is considered in the systems of length L = 14.
(a) Five selected examples of the t2 growth behavior at η = 10. The
inset of (a) indicates the disorder average C(t). (b) Examples of the
t2 behavior at weaker disorder strengths in the MBL phase.
der average that looks like C(t) ∼ (ln t)2.5. The behavior of
C(t) is not universal and depends on r and the model systems
as shown in Figs. 4 and 7. Unlike the effective model, the
characteristic behavior can hardly survive in the disorder av-
erage done at a given time that includes different stages of
growth because of the large fluctuations of their time periods,
and thus the quadratic growth is only identifiable in the level
of individual disorder realizations.
While the intermediate-time growth often shows an excel-
lent fit to the t2 form found in the l-bit model, we find that the
main growth is better characterized asC(t)≈ c0+εt2 with an
offset c0 representing the contributions of short-time dynam-
ics indicated by the relaxation plateau. A large value of the
plateau makes a poor fit to the strict form of t2 as can be seen
in the examples given in Fig. 3(c). Several dynamic processes
of different time scales may coexist in the OTO commutator.
In the sense of a fixed-point Hamiltonian, the t2 component
may represent the long-time scrambling dynamics while the
coarse-grained effects of all faster dynamics appear as a con-
stant offset in the scale of intermediate and later times.
Figures 3(d) and 3(e) display the distributions of c0 and ε
in the logarithmic scale. In particular, the one for ε contrasts
with the Gaussian distribution of the corresponding quantity
〈[Jˆeff]2〉 in the l-bit model. Given that 〈[Jˆeff]2〉 was an addition
of random variables at the maximally mixed state, the log-
normal shape could suggest that ε would come from a mul-
tiplicative process with random disorders, characterizing the
large deviations between individual disorder realizations.
Figure 4 verifies the power-law behavior ofC(t) for a longer
operator distance r= 5 in the system of L= 14 while we have
mainly considered r= 3 and L= 12. The power-law behavior
is demonstrated at several values of the disorder strength η
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FIG. 5. OTO commutator measured with eigenstates at two given
disorder realizations. The disorder realizations chosen for (a, b) and
(c, d) are associated with the rightmost and leftmost lines in Fig. 3(c),
respectively, which contrast the cases of an excellent fit to the t2 form
and a poor power-law fit. The lines displayed in (a) and (c) are dif-
ferent measurement with five eigenstates randomly chosen from the
middle of the spectrum, among which one line is presented again
in (b) and (d) for a fit to the empirical formula of the (1− cosωit)
oscillations with an offset c0.
of the MBL side. The time scale of the main growth stage
tends to increase with r and η , which influences the visibility
of the power law in a finite system. At a weak η close to the
transition, one would need a very large r for the main growth
time scale to become separated from the early-time processes.
The t2 growth is thus more pronounced in practice at stronger
η in a system with small r, and thus we mainly consider the
deep MBL regime at η = 10 in the XXZ chain.
A pure-state measurement with an eigenstate at a given dis-
order realization may demonstrate more clearly the essential
role of the slowest dynamics in the MBL phase to the power-
law growth at intermediate times and the long-time behavior
6appearing at late times. For a given eigenstate |α〉, one can
express the OTO commutator Ceig(t) explicitly as
Ceig(t) = 1−Re
[
∑
β ,γ,δ
eit(Eα−Eβ+Eγ−Eδ )sαβγδ
]
, (9)
where sαβγδ = 〈α|σˆ x3 |β 〉〈β |σˆ x0 |γ〉〈γ|σˆ x3 |δ 〉〈δ |σˆ x0 |α〉, and Eα
is the energy of the eigenstate |α〉. Inspired by the effective
Hamiltonian, the long-period oscillations in the MBL phase
may be determined by a few smallest magnitudes of (Eα −
Eβ +Eγ −Eδ ) with a dominant sαβγδ . Then, one can write
down the late-time expression of Ceig(t) as
Ceig(t)≈ c0+
n
∑
i=1
ci(1− cosωit) , (10)
if ωi is well separated from the larger frequencies that are
coarse-grained in an offset c0 for the low-resolution descrip-
tion at intermediate and late times. In Ceig(t), the t2 form
appears in a transient behavior of the cosine term as found in
the effective l-bit Hamiltonian with an eigenstate.
Figure 5 demonstrates the existence of dominant long-
period modes by providing the two particular examples of
the best and worst fits to the strict t2 form chosen among
the cases shown in Fig. 3(c). In the one with the best fit, it
turns out that Ceig(t) at intermediate and late times can be de-
scribed with just one frequency in Eq. (10). In the other one,
the contributions of two frequencies are dominant with a rel-
atively high offset, which has caused the poor fit to the strict
power-law form at intermediate times if the offset is not con-
sidered. In both cases, we have not observed qualitative vari-
ations with different choices of an eigenstate while the value
of the frequency depends on the eigenstate. The number of
dominant modes and the separation between the frequencies
depend mainly on the disorder realization.
The intermediate-time growth behavior, C(t) ∼ c0 + εt2,
observed at an individual disorder realization remains the
same in all our choices of the state for measurement. We
have examined the random pure states at various values of v.
The one at v= 0 is essentially the same as C(t) obtained with
the maximally mixed state at the infinite temperature while
the one at v = 1 is very similar to the measurement with an
eigenstate. These will be shown explicitly in the next sec-
tion, where the observation of the characteristic behavior in
the MBL phase is verified in the mixed-field Ising model.
IV. MIXED-FIELD ISING MODEL
Another MBL system that we consider is the random-
transverse-field quantum Ising chain in a uniform longitudinal
field [42]. The Hamiltonian is given as
H=−
L−1
∑
i=1
σˆ zi σˆ
z
i+1−
L
∑
i=1
hiσˆ xi −hz
L
∑
i=1
σˆ zi , (11)
where the random transverse field hi is sampled from the uni-
form distribution in [−W,W ]. The strengths of the random
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FIG. 6. Probability distribution of the OTO commutator in the
mixed-field Ising chain. (a) The distribution P(C) is visualized with
the color code for the probability density of the OTO commutator
C(t) measured at a given time t across 10000 disorder realizations
with the infinite-temperature state (β = 0). The dotted line indi-
cates the disorder average C(t). The random pure-state estimates for
v= 0,0.4,0.8 are compared with the infinite-temperature estimate in
(b-d) at selected times along the main growth of C(t).
field and the uniform longitudinal field are fixed at W = 10
and hz = 0.1, respectively. The chain length L = 12 is con-
sidered. The OTO commutator is defined with the operators
Wˆ = σˆ z3 and Vˆ = σˆ
z
0 by following Ref. [42]. The maximally
mixed state and random pure states are considered for mea-
surement, where the pure state is defined analogously as
|Ψv〉=
L⊗
i=1
(
cos
θi
2
|x;+〉+ eiφi sin θi
2
|x;−〉
)
(12)
with the basis |x;±〉 of the Pauli operator σˆ x along the axis of
the random transverse fields.
As we have seen in the MBL phase of the XXZ chain,
the disorder average C(t) in the mixed-field Ising chain also
fails to represent the growth behavior of the OTO commutator
C(t) as indicated by Fig. 6(a). The probability distributions
of C(t) measured across the random disorder realizations are
very similar to those that we have observed in the XXZ chain.
The main growth ofC(t) appears with a time delay that fluctu-
ates significantly across the disorder realizations, which leads
to large deviations in the distribution P(C). In particular, at
intermediate times, P(C) shows a clear double-peak structure
when measured with the infinite-temperature state and the ran-
dom pure state at v = 0, which agrees well with our previous
observation in the XXZ chain.
The characterization of the growth behavior ofC(t) at an in-
dividual disorder realization shows excellent agreement with
the multiple stages observed in the MBL phase of the disor-
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FIG. 7. OTO commutator in the mixed-field Ising chain at an in-
dividual disorder realization. (a) The growth of C(t) of the infinite-
temperature estimate (β = 0) is plotted for five selected disorder real-
izations. The inset of (a) shows the disorder average C(t) calculated
over 10000 realizations for comparison. (b) The random-pure-state
estimate is presented for v= 0.0 and 1.0 at a fixed disorder realization
chosen from (a). The inset of (b) presents the averages (solid lines)
and standard deviations (error bars) measure over 100 generations of
the random states drawn at v= 1.
dered XXZ chain. Figure 7 presents typical examples that
show the initial power-law growth, the plateau of oscillatory
relaxations, the main growth of a power-law form at interme-
diate times, and then the saturation around C ≈ 1 in the late
times. In the expansion of the commutator in the small time
limit, one can easily show that the initial growth of C(t) fol-
lows an intrinsic form of C(t) ∼ t4r+2, where r = 2 for our
choice of Wˆ and Vˆ . A slight difference from the XXZ model is
that the random transverse fields contribute to the t4r+2 term,
but it is still independent of the longitudinal field hz that trig-
gers many-body localization in this system.
The intermediate-time main growth behavior also verifies
the characterization of the power-law form C(t) ∼ c0 + εt2
with an offset c0 that is consistently observed in the different
state preparations of the infinite-temperature state and the ran-
dom pure states. Averaging over disorder realizations distorts
the main growth behavior as seen in the inset of Fig. 7(a) be-
cause of the large deviations in the time period and level of
the relaxation plateau setting the offset. On the other hand, at
a fixed disorder, our tests with different random states indicate
that the main growth behavior of the power-law form is very
robust in the intermediate-time regime.
At a fixed disorder, the deviations between different ran-
dom generations of the pure state appear mainly in the satu-
ration stage at late times. For instance, in the case of v = 1,
the (1− cosωt) oscillations survive for a long period of time
because of the significant participation of a single eigenstate.
While these long-period oscillations are dephased effectively
by averaging over many random states at the same v, the well-
defined frequency of the oscillations at late times can be used
for measuring an effective interaction. For a strong-disorder
field, a single random pure state at v= 1 generated in the axis
of the disorder field may provide an approximate estimate of
〈Jˆeff〉 ∝ ω between the two local operators examined for the
OTO commutator growth behavior.
V. SUMMARY AND CONCLUSIONS
In conclusion, our results suggest that in the MBL sys-
tems, there exists a typical power-law-like behavior in the
main growth of the OTO commutator at intermediate times
that can be observed in the level of an individual disorder re-
alization. The onset time of the main growth shows large fluc-
tuations across the disorder realizations, requiring the study
of the OTO commutator growth to be constrained to each re-
alization of disorders. For a fixed disorder configuration, the
main growth characteristics at intermediate times are unaf-
fected by different choices of the maximally mixed or random
pure states prepared for the measurement.
We have examined two MBL systems of the Heisenberg
XXZ chain with a random Zeeman field and the random-
transverse-field Ising chain with a uniform longitudinal field.
At an individual disorder realization, both show qualitatively
the same behavior of the OTO commutator C(t). The ini-
tial growth exhibits an intrinsic power law that is unrelated
to many-body localization. The initial growth is shortly sup-
pressed by the relaxation plateau, making an offset added up
to the t2 behavior that appears as the main growth of C(t).
We have argued that the dominantly slow components of the
OTO commutator found at an eigenstate is the essence of the
t2 growth behavior as indicated in the effective Hamiltonian,
while the fast components are coarse-grained in the offset c0
of C(t)∼ c0+ εt2 observed at intermediate times.
The disorder average often works as a convenient tool to
study a disordered system by reducing statistical noises. How-
ever, our calculations indicate that it may not generalize for
C(t) in the MBL systems. It turns out that the time scale and
level of the relaxation plateau fluctuate severely across disor-
der realizations, preventing the disorder average from captur-
ing the characteristic growth at intermediate times. Although
the estimate of C(t) may not be self-averaging, the typicality
of the power-law behavior that we have identified at individual
disorder realizations raises a possibility that one may still be
able to characterize MBL systems with the OTO commutator
just by testing a few samples of quenched disorders.
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